Unsteady settling behavior of solid spherical particles falling in water as
Introduction
Description of the motion of immersed bodies in fluids has long been a subject of great interest due to its wide range of applications in industry e. g. sediment transport, deposition in pipelines, alluvial channels, etc. [1, 2] . The settling mechanism of solid particle, bubble, or drop, both in Newtonian and non-Newtonian fluids, is reported by Clift et al. [3] and Chhabra [4] and several types of drag coefficients for spherical and non-spherical particles were presented by Haider and Levenspiel [5] . Guo [6] and Mohazzabi [7] have studied the behavior of spheres and objects falling into fluids.
A particle falling vertically in a stationary fluid under the influence of gravity accelerates until the gravitational body force is balanced by the resistance forces, including buoyancy and drag forces. At the equilibrium, particle reaches a constant velocity so-called terminal velocity or settling velocity. The knowledge of the terminal velocity of solids and particles falling in liquids is required in many industrial applications such as mineral processing, hydraulic transport, fluidized bed reactors and so on [3] .
Recently, several attempts have been made to develop analytical tools to solve the motion equation of falling objects in fluids. Domairry Ganji [8] employed variational iteration method (VIM) and derived a semi-exact solution for the instantaneous velocity of the particle over time, setting in incompressible fluid. Yaghoobi and Torabi [9] investigated the acceleration motion of a vertically falling on-spherical particle in incompressible Newtonian media by VIM. They developed their model for the combined VIM with Padé approximation for modeling the non-spherical particle equation of motion [10] . More applications of VIM for solving the non-linear differential equations are presented by Mohyud-Din et al. [11] .
Jalaal et al. [12] used homotopy analysis method and obtained the solution of the 1-D non-linear particle equation. The same group [13] applied He's homotopy perturbation method (HPM) [14, 15] to solve the acceleration motion of a vertically falling spherical particle in incompressible Newtonian media. Mohyud-Din et al. [16] used HPM for solving a wide class of non-linear problems and they suggest that this method is capable to cope with the versatility of the physical problems such as sedimentation process, the system of linear PDE for waves [17] and MHD flow over non-linear stretching sheeting [18] . Torabi and Yaghoobi [19] combined HPM with Padé approximation for increasing the solution accuracy of the particle equation of motion. The motion of a spherical particle rolling down an inclined plane in Newtonian media was studied by Jalaal and Domairry Ganji [20, 21] .
There are some simple and accurate approximation techniques for solving non-linear differential equations called the weighted residuals methods (WRM). Collocation method (CM), Galerkin method (GM) and LSM are examples of the WRM which are introduced by Ozisik [22] for using in heat transfer problem. Stern and Rasmussen [23] used collocation method for solving a third order linear differential equation. Vaferi et al. [24] have studied the feasibility of applying of orthogonal collocation method to solve diffusivity equation in the radial transient flow system. Recently Hatami et al. [25] used DTM, CM, and LSM for predicting the temperature distribution in a porous fins with temperature dependent internal heat generation. Moreover, Nouri et al. [26] and Hatami and Domairry Ganji [27] [28] [29] studied the motion of a spherical particle using different analytical methods: DQM, DTM, and DTM-Padé. The application of analytical methods in solving the non-linear problems in MHD and nanofluid flow has also been reported in [30] [31] [32] [33] [34] [35] [36] [37] [38] .
In this paper, after following the recent progress and the outcome made by [26] [27] [28] [29] in the analytical methods, LSM-Padé method is employed to solve the unsteady particle spherical motion equation and its obtained results have been compared with the ordinary LSM, GM, and numerical methods. This is concluded that the proposed method has got a better agreement with the numerical model.
Problem description
The particle sediment phenomenon is modelled using gravity, buoyancy, drag forces, and added mass. According to the Basset-Boussinesq-Ossen equation for the unsteady motion of the particle in a fluid, for a dense particle falling in light fluids assuming ρ ⪡ ρ s Basset history force is negligible. So by rewriting force balance for the particle, the equation of motion is gained as follows [19] :
where C D is the drag coefficient. In the right hand side of the eq. (1), the first term represents the buoyancy effect, the second term corresponds to drag resistance, and the last term is the added mass effect due to acceleration of fluid around the particle. The main difficulty of solving eq. (1) is the non-linear terms due to the non-linearity nature of the drag coefficient C D . The suggested correlation for C D of spherical particles which has a good agreement with the experimental data in a wide range of Reynolds number 0 ≤ Re ≤ 105 is formulated by:
Jalaal et al. [13] have shown that eq. (2) represents a more accurate resistance of the particle in comparison with the pervious equations presented by others. Based on the mass of particle formulated by:
Equation (1) can be rewritten:
where ( ) ( )
In the present study, we choose three different materials for solid particle, Aluminum, Copper and Lead with three different diameters (1, 3, and 5 mm). A schematic of the described problem is shown in fig. 1 . Physical properties of the selected material as well as the resulted coefficients used in eq. (5) are summarized in tabs. 1 and 2, respectively. It is needed to note that the more complicated problem addressing this observation has been reported by several researchers. However, the application of new analytical methods has been introduced in this research as a new concept.
Analytical methods

The LSM
As Sheikholeslami et al. [34] and Hatami and Domairry Ganji [28] mentioned LSM is one of the weighted residual methods which are constructed on minimizing the residuals of the trial function introduced to the non-linear differential equation [ ]
It is considered that u is estimated by a function, which is a linear combination of fundamental functions chosen from a linearly independent set. This is:
by substituting eq. (9) into the differential operator, D, the result of the operations generally is not p(x) and a difference will be appeared. Hence an error or residual will exist:
The main concept of LSM is to make the residual become zero over the domain. Hence:
Where the number of weight functions, W i , is accurately equal the number of unknown coefficients, c i . The result is a set of n algebraic equations for the undefined coefficients c i . If the continuous summation of all the squared residuals is minimized, the rationale behind the LSM name can be seen. In other words, a minimum of:
In order to achieve a minimum of this function eq. (10), the derivatives of S with respect to all the each unknown parameter should be zero:
Comparing with eq. (11), the weighted functions for LSM will be: By neglecting the constant coefficient, the weighted functions, W i , for the LSM are the derivatives of the residuals with respect to the unknown constants:
Padé approximation
There are some techniques to increase the convergence of series. Among them, the Padé technique is widely applied. Suppose that a function f (η) is represented by a power series so that: 0 ( )
This expansion is the fundamental starting point of any analysis using Padé approximants. The notation c i , i = 0, 1,2, … is reserved for the given set of coefficients:
...
LSM-Padé
It should be noted that the trial solution must satisfy the boundary conditions, so the trial solution can be written: 
( ) u t c t c t c t c t c t c t
By introducing this equation into eq. (4) residual function will be found and by substituting the residual function into eq. (16) a set of equations with six equations and six unknown coefficients will be appeared and by solving this system of equations, coefficients c 1 -c 6 will be determined. By using LSM when a = b = c = d =1, following equation will be determined for velocity of spherical particles in Newtonian fluid media. 
Results and discussion
In the present study, different analytical methods are applied to obtain an explicit analytic solution of the unsteady settling behavior of solid spherical particles falling in water as a Newtonian fluid. Figure 2 illustrates the comparison between the LSM, LSM-Padé, GM with numerical method for a = b = c = d = 1. As observed, Padé approximation [3/3] leads to the results closer to the numerical solution. After claiming the compatibility and accuracy of this model, aluminum and copper as well as lead are selected in various sizes submerged in water. Figure 3 depits the variations of velocity for aluminum, copper, and lead for different diameters, respectively. As seen, the velocity enhances by the increase in the particle diameter. In order to better compare the results, the variation of velocity and acceleration with time for different type of particles and the diameter equal to 1 mm is depicted in fig 4. As seen the velocity and acceleration of lead particle is highest which is followed by copper and finally aluminum. Figure 5 represents the position of the particle as well as particle size in sedimentation process for each time step equal to 0.02 second. For all selected particles, terminal velocity is calculated and presented in tab. 3. Results also are compared with HPM [13] and DTMPadé [27] . It can be concluded from tab. Num.
Num.
that LSM-Padé [3/3] estimated the terminal velocity with the acceptable exactness. The results show that the speed values depend on the diameter and density of the particles. Thus, the acceleration period of the smaller particles is shorter. It can be deduced that when the particle is heavier, due to the higher speed has lower positions in the same time step. 
Conclusions
In this study, LSM with Padé approximation is applied to solve the problem of the unsteady settling behavior of solid spherical particles falling in water as a Newtonian fluid. The analytical models were presented for particles sedimentation and different particle materials (aluminum, copper, and lead). The following main conclusions can be drawn from the current study: y The velocity and acceleration of lead particle is higher than copper and aluminum. y The lower positions in the same time step are observed for the heavier particle. y The results of LSM with Padé approximation are in excellent agreement with the numerical data. 
